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Abstract Applying the generalized uncertainty relation to the thin film brick-wall model,
the entropy of Dirac Field in Non-stationary and Slowly Changing Reissner-Nordström
Black Hole is obtained. The result shows that the entropy is still proportional to the horizon
area of the black hole, and black hole entropy is just identical to the entropy of the quantum
state near the event horizon, in addition, the divergence of state density without any cut-off
parameter is avoided during black hole entropy calculation.

Keywords Generalized uncertainty relation · State density · Quantum entropy · Dirac
equation

1 Introduction

Since Hawking proved, in 1974, black hole can radiate particles from the event horizon, the
thermodynamical proprieties of black holes have attracted many peoples’ attentions [1–34].
In 1970s, Bekenstein put forward that black hole entropy was proportional to the horizon
area [35]. After that, Hawking discovered the thermal radiation of black hole, and proved
the Bekenstein’s conjecture. Since then, the research on the statistical origin of black hole
entropy is an important topic to theoretical physicist. t’Hooft first proposed the brick-wall
model to calculate black hole entropy, in which black hole entropy is identified with the
entropy of a thermal gas of quantum field excitations outside the event horizon, to avoid
the divergence of the state density, they introduce the cut-off parameter [36–39]. In 1995,
Demoers found that the divergence appearing in the brick-wall model could be absorbed
into the renormalized Newton’s constant [40]. From then on, people had a deep research
into the relation among the brick-wall model, the quantum gravity and renormalization. In
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recent years, the entropy of a series of black holes have been studied by the improved brick-
wall model put forward by Li and Zhao, and much success is achieved [41–47]. But they
still kept the cut-off parameter, and made the results unnatural. Recently, as the advance
of research into the quantum gravity, people have introduced a revised uncertainty relation
to the calculation of black hole entropy, and got the satisfying result. The method avoids
the divergence of state density near the horizon without any cut-off parameter. Since then,
much effort has been devoted to the entropies of static or stationary black holes [48–50], but
those of the non-stationary black hole are limited to the line element that are described by
the advanced or retarded coordinate [51, 52]. As to those of the non-stationary space-time
described by the coordinate (t, r, θ, ϕ) are still unfamiliar to us. In the paper, we apply the
generalized uncertainty relation to the thin film brick-wall model, and discuss the entropy
of Dirac Field in Non-stationary and Slowly Changing Reissner-Nordström Black Hole that
is described by the coordinate (t, r, θ, ϕ).

2 The Separation of Variables

In quantum mechanics, the simplest uncertainty of position x and momentum p should
satisfy Heisenberg uncertainty relation

�x�p ≥ �. (1)

However, in the quantum system under the Plank scale like quantum gravitation system, (1)
is not correct, and we should introduce the generalized uncertainty relation

�x�p ≥ �

2
[1 + λ〈p2〉 + β〈x2〉 + · · ·]. (2)

Only considering the leading role of momentum (namely, β = 0, λ �= 0), we have

�x�p ≥ �

2
[1 + λ(p̂2)] = �

2
[1 + λ(�p2 + 〈p̂〉2)], (3)

where � is the Plank constant, λ is of Plank scale. From (3), we can obtain that the position
uncertainty �x cannot be small enough, and �x has a minimal length 2

√
λ. According to

the general statistical physics, as a result of the uncertainty relation (1), a quantum state
occupies a phase element whose volume is (2π�)3, so the numbers of the quantum states in
the volume of d3xd3p are

d3xd3p

(2π�)3
. (4)

But if we introduce the generalized uncertainty relation (3), the quantum state numbers in
the volume of d3xd3p can be written as

d3xd3p

(2π�)3(1 + λp2)3
, (5)

where in the curved space-time p2 = pip
i = giμpipμ, giμ is the inverse metric tensor, i = 1,

2, 3; μ = 0, 1, 2, 3. From (5), the new state density is given by [53]

g(ω) = 1

(2π)3

∫
drdθdϕdprdpθdpϕ

(1 + λp2)3
. (6)
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According to [54], the line element of the non-stationary and slowly changing Reissner-
Nordström black hole in the time coordinate t with the (+,−,−,−) metric sign has the
following form

ds2 =
(

1 − 2M

r
+ Q2

r2

)
dt2 −

(
1 − 2M

r
+ Q2

r2

)−1

dr2 − r2dθ2 − r2 sin2 θdϕ2, (7)

where, M = M(t) and Q = Q(t) are the mass and charge of the non-stationary and slowly
changing Reissner-Nordström black hole respectively, as seen by an observer at infinity, they
are changing with the time coordinate t . Introducing the new tortoise coordinate transfor-
mation [55, 56]

r∗ = 1

2κ
ln[r − rH (t)], (8)

we can get the space-time line element in two dimensions near the event horizon

ds2 = 2κ(r − rH )

(
1 − 2M

r
+ Q2

r2

)−1

ṙH

[
(r2 − 2Mr + Q2)2 − ṙ2

H r4

2κ(r − rH )ṙH r4
dt2

∗ − 2dr∗dt∗
]
. (9)

In (9), when r → rH , the denominator in the coefficient of dt2∗ is null, and the factor is also
null in order to avoid the divergence, so we have

lim
r→rH

[(r2 − 2Mr + Q2)2 − ṙ2
H r4] = 0. (10)

Solving (9), we can get the locations of the event horizons

rH = r+ = M + √
M2 − Q2(1 − ṙH )

1 − ṙH

, rH = r− = M − √
M2 − Q2(1 − ṙH )

1 − ṙH

, (11)

where r+ and r− are the event horizons of the non-stationary and slowly changing Reissner-
Nordström black hole. If we make the space-time line element (9) in the vicinity of the event
horizon similar to the Minkowski space-time in two dimensions, the coefficient of dt2∗ must
be equal to 1, so we obtain

lim
r→rH

(r2 − 2Mr + Q2)2 − ṙ2
H r4

2κ(r − rH )ṙH r4
= 1. (12)

From (12), we can get the surface gravity of the event horizon

κ = MrH − Q2

r3
H

= (1 − ṙH )(r2
H − r2

H ṙH − Q2)

2rH (2MrH − Q2)
, (13)

and the radiate temperature

T = κ

2π
= MrH − Q2

πr3
H

= (1 − ṙH )(r2
H − r2

H ṙH − Q2)

2πrH (2MrH − Q2)
. (14)

For the inverse metric gμν of (7), we obtain

∂2

∂s2
=

(
1 − 2M

r
+ Q2

r2

)−1
∂2

∂t2
−

(
1 − 2M

r
+ Q2

r2

)
∂2

∂r2
− 1

r2

∂2

∂θ2
− 1

r2 sin2 θ

∂2

∂ϕ2
,

(15)

g = detgμν = −r4 sin2 θ.
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To write out the explicit form of Dirac equation in the Newman-Penrose formalism, we
establish the null tetrads as follows

lμ = B

2r2

(
1,− r2

B
,0,0

)
, nμ =

(
1,

r2

B
,0,0

)
,

(16)

mμ = r√
2
(0,0,−1,−i sin θ), m̄μ = r√

2
(0,0,−1, i sin θ).

From (16), we can get the inverse null tetrads

zμ
m = (z

μ

1 , z
μ

2 , z
μ

3 , z
μ

4 ) = (lμ, nμ,mμ, m̄μ), (17)

where

lμ = 1

2

(
1,

B

r2
,0,0

)
, nμ =

(
r2

B
,−1,0,0

)
,

(18)

mμ = 1√
2r

(
0,0,1,

i

sin θ

)
, m̄μ = 1√

2r

(
0,0,1,− i

sin θ

)
,

where B = r2 −2Mr +Q2. The null tetrads (16), (18) satisfy the null, orthogonal and metric
conditions.

lμlμ = nμnμ = mμmμ = m̄μm̄μ = 0, lμmμ = lμm̄μ = nμmμ = nμm̄μ = 0,

(19)
lμnμ = −mμm̄μ = 1, and gμν = lμnν + nμlν − mμm̄ν − m̄μmν.

From the inverse null tetrad (18), we can obtain the corresponding directional derivatives of
the space-time

D = lμ∂μ = 1

2

∂

∂t
+ B

2r2

∂

∂r
, � = nμ∂μ = r2

B

∂

∂t
− ∂

∂r
,

(20)

δ = mμ∂μ = 1√
2r

∂

∂θ
+ i√

2r sin θ

∂

∂ϕ
, δ̄ = m̄μ∂μ = 1√

2r

∂

∂θ
− i√

2r sin θ

∂

∂ϕ
.

According to (7), (15) and α
μσ = 1

2gαν(gμν,σ + gνσ,μ − gσμ,ν), after some complicate cal-
culation, the non-vanishing spin coefficients of the non-stationary and slowly changing
Reissner-Nordström black hole in the above null tetrads (16) and (18) can be written as

ε = Mr − Q2

2r3
, ρ̃ = − B

2r3
, β = −α = ctg θ

2
√

2r
,

(21)

μ = −1

r
, γ = r2

B2
(Q̇Q − Ṁr).

In the curved space-time described by the line element (7), the four components of Dirac
equations can be expressed as

γ μ(∂μψ − μψ) + iμ0ψ = 0, (22)
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where

μ = −1

4
γ β(γβ,μ − γλ

λ
βμ). (23)

In the curved space-time, if we use the spin coefficients suggested by Penrose, Dirac equa-
tion of particle with no charges can be written as

(D + ε − ρ̃)F1 + (δ̄ + π − α)F2 = iμ0√
2

G1,

(� + μ − γ )F2 + (δ + β − τ)F1 = iμ0√
2

G2,

(24)

(D + ε∗ − ρ̃∗)G2 − (δ + π∗ − α∗)G1 = iμ0√
2

F2,

(� + μ∗ − γ ∗)G1 − (δ̄ + β∗ − τ ∗)G2 = iμ0√
2

F1,

where μ0 is the mass of Dirac particles; F1, F2, G1, G2 are the four components of wave
function in Dirac field. Substituting (20), (21) into (24), we have

(
1

2

∂

∂t
+ B

2r2

∂

∂r
+ r − M

2r2

)
F1 + 1√

2r

(
∂

∂θ
− i

sin θ

∂

∂ϕ
+ ctg θ

2

)
F2 = iμ0√

2
G1,

[
r2

B

∂

∂t
− ∂

∂r
− 1

r
− r2

B2
(Q̇Q − Ṁr)

]
F2 + 1√

2r

(
∂

∂θ
+ i

sin θ

∂

∂ϕ
+ ctg θ

2

)
F1 = iμ0√

2
G2,

(
1

2

∂

∂t
+ B

2r2

∂

∂r
+ r − M

2r2

)
G2 − 1√

2r

(
∂

∂θ
+ i

sin θ

∂

∂ϕ
+ ctg θ

2

)
G1 = iμ0√

2
F2,

[
r2

B

∂

∂t
− ∂

∂r
− 1

r
− r2

B2
(Q̇Q − Ṁr)

]
G1 − 1√

2r

(
∂

∂θ
− i

sin θ

∂

∂ϕ
+ ctg θ

2

)
G2 = iμ0√

2
F1.

(25)

As a result of the space-time sphere-symmetry, we set the four components of wave function
as following form

F1 = f1(r, t)Y1(θ,ϕ), F2 = f2(r, t)Y2(θ,ϕ),

(26)
G1 = g1(r, t)Y1(θ,ϕ), G2 = g2(r, t)Y2(θ,ϕ).

Substituting (26) into (25) can we obtain
(

1

2

∂

∂t
+ B

2r2

∂

∂r
+ r − M

2r2

)
f1 + χ1√

2r
f2 − iμ0√

2
g1 = 0,

[
r2

B

∂

∂t
− ∂

∂r
− 1

r
− r2

B2
(Q̇Q − Ṁr)

]
f2 + χ2√

2r
f1 − iμ0√

2
g2 = 0,

(27)(
1

2

∂

∂t
+ B

2r2

∂

∂r
+ r − M

2r2

)
g2 − χ2√

2r
g1 − iμ0√

2
f2 = 0,

[
r2

B

∂

∂t
− ∂

∂r
− 1

r
− r2

B2
(Q̇Q − Ṁr)

]
g1 − χ1√

2r
g2 − iμ0√

2
f1 = 0,
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where χ1 and χ2 are constants used in the process of variable separation

χ1 = 1

Y1

(
∂

∂θ
− i

sin θ

∂

∂ϕ
+ ctg θ

2

)
Y2, χ2 = 1

Y2

(
∂

∂θ
+ i

sin θ

∂

∂ϕ
+ ctg θ

2

)
Y1. (28)

An apparent fact is that the Chandrasekhar-Dirac equation (27) could be satisfied by settings

f1 = g2, f2 = g1, χ1 = −χ2 = χ, (29)

obviously contrasting to each item in (27), we will find that (29) is rational. Substituting
(29) into (27), we can obtain Dirac equations in radial

(
1

2

∂

∂t
+ B

2r2

∂

∂r
+ r − M

2r2

)
f1 + χ√

2r
f2 − iμ0√

2
f2 = 0,

(30)[
− r2

B

∂

∂t
+ ∂

∂r
− 1

r
− r2

B2
(Q̇Q − Ṁr)

]
f2 − χ√

2r
f1 − iμ0√

2
f1 = 0,

and in angular

L̂−Y1 = −χ2Y1, L̂+Y2 = −χ2Y2, (31)

where

L̂∓ = ∂2

∂θ2
+ ctg θ

∂

∂θ
+ 1

sin θ

(
cos2 θ

4
∓ i cos θ

∂

∂θ
+ ∂2

∂ϕ2
− 1

2

)
. (32)

The constant of variable separation χ satisfies

χ2 = (l + sz)(l + sz + 1), (33)

where l > 1
2 , sz = ± 1

2 is the spin quantum states, and it denotes that every point in the phase
space corresponds to two states.

3 The Black Hole Entropy

In radial equation (30), a rational approximate solution can be expressed by the field function
φ ≈ exp[−iωt + iS(r, θ,ϕ)], and applying the WKB approximation, we can obtain

[
− iω

2
+ iB

2r2

∂S

∂r

]
f1 −

(
iμ0√

2
− χ√

2r

)
f2 = 0,

(34)[
− iωr2

B
− i∂S

∂r

]
f2 −

(
iμ0√

2
+ χ√

2r

)
f1 = 0.

If we want to make the solution of (34) meaningful, the determinant of the coefficient matrix
must be null, so we can obtain

p2
r =

(
∂S

∂r

)2

= r2

B

(
r2

B
ω2 − μ2

0 − χ2

r2

)
. (35)
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Now let us solve the red-shift factor of wave length in r-direction

(dr)2 = −γ11(dr ′)2, γ11 = g11 − g2
01

g00
, (36)

namely

λ = √−γ11λ
′ = 1√

g00
λ′. (37)

From (37), we can obtain

p2 = ω′2 =
(

2π

λ′

)2

= ω2

g00
= r2ω2

B
. (38)

According to [57], and substituting (35), (38) into the new state density (6), we can obtain
the numbers of quantum states in the two spin quantum states with the spins sz = 1

2 and
sz = − 1

2 .

g1(ω) = 2

3π

∫ rH +ε

rH

r2

(B/r2)2(1 + λω2r2/B)3

(
ω2 − B

r2
μ2

0

)3/2

dr, sz = 1

2
,

(39)

g1(ω) = 2

3π

∫ rH +ε

rH

r2

(B/r2)2(1 + λω2r2/B)3

(
ω2 − B

r2
μ2

0 − B

r4

)3/2

dr, sz = −1

2
.

Considering the null mass approximation and the big scale space-time background of black
hole in (39), the two spin states should have the same numbers of quantum states. So the
total number of quantum states is

g(ω) ≈ 4ω3

3π

∫ rH +ε

rH

r2dr

(B/r2)2(1 + λω2r2/B)3
. (40)

According to the quantum statistics theory, the free energy of Dirac particles can be ex-
pressed

F = 1

β

∫
dg(ω) ln(1 + e−βω) = −

∫ ∞

0

1

(eβω + 1)
g(ω)dω

= − 4

3π

∫ rH +ε

rH

r2dr

(B/r2)2

∫ ∞

0

ω3dω

(eβω + 1)(1 + λω2r2/B)3
. (41)

Because the relation between the free energy and the entropy of the black hole satisfies

S = β2 ∂F

∂β
= 4β2

3π

∫ rH +ε

rH

r2dr

(B/r2)2

∫ ∞

0

eβωω4dω

(eβω + 1)2(1 + λω2r2/B)3

= 4

3π

∫ rH +ε

rH

r2dr

β3(B/r2)2

∫ ∞

0

x4dx

(e−x + 1)(ex + 1)(1 + λx2r2/β2B)3
, (42)

where x = βω, and the inequality

1

1 + e−x
< ex,

1

1 + ex
< e−x, (43)
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we have

S <
4

3π

∫ rH +ε

rH

r2dr

β3(B/r2)2

∫ ∞

0

x4dx

(1 + λx2r2/β2B)3

= 4

3π

∫ rH +ε

rH

r2dr

β3(B/r2)2

[
1

4

(
λr2

β2B

)−2

+ π

16

(
λr2

β2B

)− 3
2
]

= β

3πλ2

∫ rH +ε

rH

r2dr + λ−3/2

12

∫ rH +ε

rH

r2dr√
B/r2

. (44)

Using Taylor series to launch B

r2 at the event horizon, and we have

B

r2
=

(
1 − 2M

rH

+ Q2

r2
H

)
+ 2MrH − 2Q2

r3
H

(r − rH ) + · · · ≈ 2κ(r − rH ). (45)

The uncertainty of the position has a minimal length 2
√

λ, so we have the following expres-
sion near the event horizon

2
√

λ =
∫ rH +ε

rH

dr√
B/r2

≈
∫ rH +ε

rH

dr√
2κ(r − rH )

=
√

2ε

κ
, (46)

where κ = 2πβ−1. Substituting (45), (46) into (44), we can get the quantum entropy of the
black hole near the event horizon

SH ∝ β

3πλ2
r2
Hε + λ−3/2

6

√
λr2

H = 3AH

8πλ
, (47)

where AH = 4πr2
H is the horizon area of the black hole. From (47), we can learn that

the entropy is proportional to the horizon area of the black hole, which is consistent with
Bekenstein-Hawking theory. During the calculation, we do not introduce the cut-off para-
meter, but apply the generalized uncertainty relation to obtain the numbers of new quantum
states. This method avoids the divergence of state density at the event horizon, and finally
gets the entropy of the black hole.

4 Conclusions

We start from Dirac equation in the Non-stationary and Slowly Changing Reissner–
Nordström space-time background, and use the generalized uncertainty relation to obtain
the numbers of new quantum states, finally research on the entropy of Dirac field in the
black hole. The result shows that the divergence of brick-wall model near the horizon can be
eliminated without any cut-off parameter when the generalized uncertainty relation is used
to study the entropy of black hole, and the black hole entropy is proportional to the horizon
area of the black hole, and is just identical to the entropy of quantum state near the horizon.
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